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LOWER SEMICONTINUITY, EXISTENCE AND
REGULARITY THEOREMS FOR ELLIPTIC VARIATIONAL
INTEGRALS OF MULTIPLE VALUED FUNCTIONS
BY
PERTTI MATTILA

ABSTRACT. Let 4 be an open sct in R” with compact smooth boundary, and let Q be
the space of unordered Q tuples of points of R". F. J. Almgren, Jr. has developed a
theory for functions f/: 4 — Q and used them to prove regularity thecorems for arca
minimizing integral currents. In particular, he has defined in a natural way the spacc
3,(A. Q) of functions f: A — Q with square summable distributional partial deriva-
tives and the Dirichlet integral Dir( f; A) of such functions. In this paper we study
more general constant coefficient quadratic integrals G( f: 4) which are Q elliptic in
the sense that there is ¢ > 0 such that G( f; A) = ¢ Dir( f: A) for f € U,(A4; Q) with
zero boundary values. We prove a lower semicontinuity theorem which leads to the
existence of a G minimizing function with given reasonable boundary values. In the
case m = 2 we also show that such a function is Holder continuous and regular on
an open dense set. In the case m = 3 the regularity problem remains open.

Introduction. In [A] F. J. Almgren, Jr. has developed a theory of functions defined
on a bounded open subset 4 of R” with smooth boundary and taking values in the
space Q of unordered Q tuples of points of R" (see [A2] for a summary). He studied
a generalized Dirichlet integral for these functions and proved that for given Q
valued boundary values in a Sobolev class there exists a Q valued Sobolev function
minimizing such a Dirichlet integral and that the graph of this function outside an
exceptional set of Hausdorff dimension at most m — 2 is a real analytic submanifold
of R™*". This theory constituted a basic ingredient in Almgren’s proof of the
regularity theorem for m dimensional area minimizing integral currents in R™*",
according to which the Hausdorff dimension of the singular set of such a current is
at most m — 2.

The Dirichlet integral is useful in the study of area minimizing currents because
the corresponding integrand is the quadratic component of the area integrand in a
suitable Taylor expansion. There are many interesting geometric integrands other
than area, in particular the elliptic ones as defined in [A1, 1.6] or [F,5.1.2], and it
seems reasonable to investigate the variational calculus of Q valued functions in
connection of their quadratic components. Consequently we shall consider quadratic
polynomials G,

G(pk)=Zqli, j. k. 1)pkp!,
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590 PERTTI MATTILA

on the space P(n, m) of n X m matrices (p*). For any f: A — R" with square
summable distributional partial derivatives D, f, the G integral of f over 4 is

G(f: A) :LE""‘ J k. )D, £, D, fidi"

where 2™ is the Lebesgue measure. In a natural way G( f, A) can be defined also for
functions f: 4 — Q. We say that G is Q elliptic if G(f; A) = ¢Dir( f; A) for all
Lipschitzian functions f: A — Q with compact support where ¢ is a positive constant
and Dir( f; A) the Dirichlet integral of f. Then any quadratic component of a
geometric elliptic integrand is Q elliptic for every Q (see §3).

In this paper we prove a lower semicontinuity theorem for Q elliptic integrands
(4.7)-(4.8), which leads to the existence of a Q valued G minimizing function with
given boundary values (5.1). The corresponding lower semicontinuity theorem for
the Dirichlet integral in [A] is reduced to the result for single valued functions via a
map £,: Q — R"? which arranges in a suitable way the coordinates of the R”
constituents of the elements of Q. This map preserves the Dirichlet integral, but it
does not preserve the general integrals G( f; 4) because of the presence of the mixed
products p{"p;, and therefore the same method to get the lower semicontinuity does

not work.
In §6 we prove that in the case m = 2 the G minimizing Q valued functions are

locally Holder continuous, and we observe that in general continuity implies
regularity on an open dense set. The continuity in the case m = 3 and the almost
everywhere regularity in all cases remain as open problems.

It is well-known, see [H], that 1 ellipticity in the above sense is equivalent to the
strong ellipticity condition

Saqli. j. k, 1)5,“5‘,711(77/ >0

for (¢,.....¢,,) # 0and (n,,....n,) # 0. Since Q ellipticity always implies 1 elliptic-
ity, every Q elliptic integrand is strongly elliptic. The converse is probably also true.
In fact, it seems very likely that an algebraic result of Terpsta [T] could be used to
prove that if m = 2 or n = 2 then every strongly elliptic integrand is a quadratic
component of some convex, and hence elliptic, geometric integrand, and is therefore
also Q elliptic. However, Terpsta showed by an example that his result is false if
m =3 and n = 3, and this also implies that there are strongly elliptic integrands
which are not quadratic components for convex geometric integrands. Still they
might be Q elliptic for all Q’s, and even quadratic components for some nonconvex
elliptic geometric integrand, if such things exist.

There are a great number of different definitions for ellipticity. In [A1] Almgren’s
definitions in the case of geometric integrands seem to depend on the coefficient
group being used. In his thesis [S] V. Scheffer considered four notions of ellipticity
for a C' integrand 4: R™ X R" X P(n, m) — P(n, m). Namely, in addition to the
familiar notions of positive definiteness

(1) (DA, ,(p)(2))2=c|zf forz € P(n.m),
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where ¢ > 0and 4, ,(p) = A(a, b, p), and strong ellipticity
(2) (DA, ,(p)(2))-z=c|zP forz € P(n, m)withrank z < 1,

he introduced the following two new concepts:
(3) fA(a,b,D¢(x)+,n~p¢(x)de@x>CJWD¢(X)EdBmx

for p € P(n, m) and for every smooth ¢: R™ — R' with compact support,

k k k k k k
2 A(a, b, z]) — EA(a,b,z,-))‘ (;Z’I_ zzi) = gz,'— gz,.

i=1 i=1 1 i=1

(4)

i

whenever z,, z/ € P(n, m) with rank (3. ,z; — 3. z,) < L.

In the linear case the definitions (2), (3) and (4) are all equivalent and strictly
weaker than (1). In the general nonlinear case they all lead to different notions, and
Scheffer proved that (1) = (3) = (2) and (4) = (3), the opposite implications being
false, and also that neither (1) implies (4) nor (4) implies (1). As for the regularity of
solutions of partial differential equations, these ellipticity conditions lead to differ-
ent properties.

I want to thank Professor F. J. Almgren, Jr., for introducing me to this subject
and for several helpful discussions.

1. Preliminaries. In our terminology and notation we follow [A] and [F]. Throughout
the whole paper m, n and Q will be positive integers.
1.1. The space Q. The space of unordered Q tuples of points in R" is

Q

Q=QRr) = { Sy y.02e R"},

i=1

where [[ y']] is the Dirac measure at y'. Q is equipped with the metric §;

0 1/2
|yi _ za(i) |2 )

=]

where o runs through all the permutations of {1,...,Q} [A, 1.1(2)].

There are a bi-Lipschitzian homeomorphism & Q — Q* C R?? where P is a
positive integer, and a Lipschitzian retraction p: R"? - Q* with p|Q* = 14,
[A, 1.1(6),(8)]. The map £ is defined by means of P suitably chosen orthogonal
projections 7,,...,mp: R” — R by the condition that &Z,[[ y']]) = z if and only if for
each k = 1,...,n there is a permutation o, of {1,...,Q} such that y*" < yp@ <
v <y and z, o4, =y fori = 1,...,Q. The first projections are taken to
be the usual coordinate functions m,(x) = x, forx € R"andi = 1,...,n.

1.2. Affine approximations. The set of all affine maps R™ — R” is denoted by
A(n, m).If h € A(n, m), we put

n=(Sony) er,

ik

Q

9(2 (1], él [[Z']]) B igf(

l
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where D.h, also denotes the constant value of D;h,. A function A: R” — Q is called
affine if there are h'.....h% € A(n, m) such that h =S [[A']]. ie.. h(a)=
=€ |[[h'(a)]] for a € R™. Then we set | h|= (S| ')/

If A CR"is open and a € A, a function f: 4 — Q is said to be approximately
affinely approximable at a if there is an affine function #: R™ — Q such that

aplim [x — a['6( f(x). h(x)) = 0.

Such a function 4 is uniquely determined and denoted by ap Af(a). If f is approxi-
mately affinely approximable at a, ap Af(a) = 22 ,[[#']] and for all i, j either
h' = h’ or h'(a) # h/(a), then f is said to be strongly approximately affinely
approximable at a. This is true if £ o f is approximately differentiable at a, and then
(see [A, 1.4(3)])

(Lip &)™ |ap D(¢° f)(a) |<|ap Af(a)|<|ap D(£ o f)(a)|.
Clearly, if Q = 1, ap Af(a) = ap Df(a) + f(a).
1.3. The space *9,( A, Q). Suppose A C R™ is open.
(1) If k is a positive integer, we denote by ,(A4,R*) the Sobolev space of Rt
valued functions on A which together with their first order distributional partial
derivatives are £ square summable over 4. A function f € ‘,( 4, R¥) is said to be

strictly defined if f(x) = y whenever x € 4,y € R* and

limr"”f |f(z) —y|di™z = 0.
ri0 B(x.r)

Any f € U,(A,R*) agrees U™ almost everywhere on 4 with a strictly defined
g € Uy(A,RY). If f € V,( A, RY) is strictly defined, then

limr'"’fB )|f(z)—f(x)|dL‘f"'z=O
(x.r

r10

for 1™~ almost all x € A4 (see [A, A.1.2(3)]). Here }(” ' is the m — 1 dimensional
Hausdorff measure. For any such point x € 4 and for any open set B C A4 for which
x € 0B, it follows that

f(x) = ime"(Bx.) N BY' [ jagn,
rio B(x.r)NB

(2) We say that a function f: 4 — R* is ACL (absolutely continuous on lines) if
whenever R is a cube contained in A with sides parallel to the coordinate axis and 7
is an orthogonal projection of R onto an m — 1 dimensional face S of R, f|7~'{y} is
absolutely continuous for }(” ' almost all y € S. Any strictly defined function in
,(A,R*) is ACL [M, 3.1.8]. Conversely, if fis ACL and f and its first order partial
derivatives are £™ square summable over 4, then f € %¥,( 4, R*).

(3) The space “U,(4, Q) consists of those functions f: 4 — Q for which §° f €
,(A,RP?). We say that f is strictly defined if £ f is strictly defined. If f, g €
,(A4,Q), we write f = g if f(x) = g(x) for £™ almost all x € 4.

(4) The space 3Y,(34, Q) will be the set of those functions g: 94 — Q for which
there is a strictly defined f € %,(R”, Q) such that f(x) = g(x) for ("' almost all
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x € 34 (cf. [A,A.1.2(7) and 2.1(2)]). If g, h € 39,(04,Q), we write g = h if g(x) =
h(x) for X ™~ " almost all x € 94. If B is an open subset of A and g € 9U,(3B, Q),
we say that f has boundary values g if there is & € “,(R”, Q) which is strictly
defined such that h|B = f| B and h|9B = g [A,A.1.1(7)]. We then write fi,, = g. If f
is strictly defined, g agrees with (™' almost everywhere on 4 N 3B. By writing
fop € 3Y,(0B, Q) we mean that there is g € 3U,(3B, Q) such that f,, = g, and by
fog = hyp € 39,(0B,Q) we mean that there is g € 3U,(dB,Q) such that f,, =g
and hyp = g.

(5) Suppose H ™ '(34) < o0. If f, g € W(R™, Q) and f,, = gy, € 3'U,(34.Q),
then h = f|A U g|R" ~ 4 € U,(R", Q) (cf. [A, A.1.1(9)]). One way to verify this is
to show that if f and g are strictly defined, and hence ACL, then 4 is ACL. This
clearly suffices, and it follows from the facts that if 7 is the orthogonal projection of
R” onto a hyperplane V, then for J(” ' almost all y € V the set 94 N 7 '{y} is
finite and the set 34 N 7™y} N {x: f(x) # g(x)} is empty [F, 2.10.11].

(6) Suppose f € 9,(A4,Q) and B is an £” measurable set with £”(B ~ A) = 0.
Then f is approximately affinely approximable £ almost everywhere on B and the
Dirichlet integral of f over B is

Dir( f; B) :f|apAf(x)|2 de™x.
B

If g Q— R is Lipschitzian, then go f & %,(A4,R*) and |ap D(go f)(x)|
< Lip g|lap Af(x)| for £ almost all x € A4, as one can show by [A, 1.4(1)], whence
Dir(g © f; B) < (Lip g)’ Dir( f; B).

(7) If V is a hyperplane in R”, B C V is 3™~ ' measurable, ¢: R""! - V is an
isometry, g: B — Q and g o ¢ is approximately affinely approximable £” ' almost
everywhere on ¢~'( B), we denote

dir(g; B) = Dir(g° ¢; ¢”'(B))
(cf. [A, 1.1(6)]). If f € B,(R™, Q) is strictly defined, f| B = g and f is approximately
affinely approximable (™' almost everywhere on B, then

dir(g; B) <_/|apAf(x)|2 dXm™ 'x.
B

If R is a rectangle in R” and g: 3R — Q, we set
dir(g; 9R) = Y, {dir(g; S): Sanm — 1 face of R}
in case the right-hand side is defined.

(8) LEMMA. Suppose f, f. € U,(A,Q), i = 1,2,..., are strictly defined, Dir( f, A),
Dir(f; A)<M<oo for i=12,..., lim__[S(f f)?dR" =0, ECA is
(X™', m — 1) rectifiable }(™~" measurable set [F,3.2.14), g: E - Q and f(x) =
g(x) forx EE,i=1,2,.... Then f(x) = g(x) for """ almost all x € E.

Proor. It is sufficient to prove the lemma for real-valued functions f, f, €
%,(A,R). Suppose the lemma is false. Then there are ¢ > 0, a cube R C A4 with sides
parallel to the coordinate axis and a closed set F C E N R such that ("~ '(F) >0
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and |f(x) — g(x)|= € for x € F. Since Fis (X" ' m — 1) rectifiable, there is an
m — 1 dimensional face S of R parallel to {x € R"™: x, = 0} for some j such that
™ (wF) > 0 where m: R — S is the orthogonal projection [F, 3.2.27]. Let 0 < § <
K" (wF)/(18M),

B={yeR:dist(y. FNa'{n(y)}) <8},
B,={yeB:|f(y)—f(y)I<e/3}. i=12...

Then 7B = #F and £"(B ~ B,) — 0, which implies X" '(7B,) — K" '(#B) =
(7 F), because

£”"(B~B) = fﬁk"((B ~B)Na ' {y})dK" "y
s
2/ KY(BN7{y})dX" 'y=8K""" (7B ~7B,).
mB~mB,

Suppose z € 7B, is such that f|7'{z} and f|7"'(z} are absolutely continuous,
which is true for K"~ almost all z € 7B,. There are y € B, N7~ '(z} and x € F N
7'z} such that |x — y|< 8. Then either|f(x) — f(¥)|=¢/3 or |f(x) — f(y)|>
e/3. because y € B,, |f(x) — g(x)|= ¢ and f,(x) = g(x). By the absolute continuity
and Holder’s inequality the first alternative implies

[ (DA = /3
and the second

[ (DAY x> (e3)m
Then Fubini’s theorem gives

2M = Dir( f; R) + Dir( f: R)

2/773 [fw"m(D’f)Z e fﬂ-x(_.}(D.ffi y dﬂf'} R

= (e2/98) K" (7B,).

Letting i — oo we get a contradiction § = ¢>} "~ (7F)/(18M).
1.4. Quadratic integrands. Let P(n, m) be the set of real n X m matrices ( p¥).
i=1,..., m,k=1,..., n. For any function G: P(n, m) — R we denote

Gh = G(D.h,) forh € A(n. m).

Y Q
Gh= Y Gh' forh= Y [[K]]:R"=Q, K €4(n, m).
i=1 i=1
If f: B—-Q, BCR", we set Gf(a) = Gap Af(a) whenever ap Af(a) exists, and
G( f; B) = [3Gf(x)dt"x whenever [z Gf(x) d:"'x exists. In the rest of this paper we
shall assume that G is a quadratic constant coefficient integrand given by

G(pt)=2qli, j.k.1)pfp],
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where q(i, j, k, 1), i, j=1,..., m, k,l=1,...,n, are real numbers which satisfy

qli, j k. 1) =q(j.i. [, k).
Clearly this is no restriction, because the original coefficients g(i, j, k, /) and
q(Jj, i, 1, k) could be replaced by (q(i, j, k, 1) + q(J, i, , k))/2 without affecting the
values of G.
The integrand leading to the Dirichlet integral is ( p}) —|p ? = 2( pf)*. We shall
fix for the rest of the paper a constant C, such that for any n X m matrix p,
|Gp|< C,|p* Thenif f € U,(A4,Q) and B is £” measurable with £"(B ~ A) = 0,

|G(f; B)|<C,Dir(f; B).
We say that G is Q elliptic if there is ¢ > 0 such that
(1) G(f;R") = cDir(f;R")

whenever f: R” — Q is Lipschitzian with compact support, that is, £ o f has compact
support. If this holds with ¢ = 0, G is called Q semielliptic. In both cases c is called a
Q ellipticity bound of G. It follows from an approximation theorem of J. H. Michael
(see [A, A.1.2(2)]), that in (1) Lipschitzian functions can be replaced by functions in
“3,(R™, Q) with compact support.

As remarked in the Introduction, I do not know whether, in fact, Q ellipticity
would reduce to the usual notion of strong ellipticity.

1.5. Intervals in R™. By an interval in R” we mean a nondegenerate rectangle with
sides parallel to the coordinate axis. We shall denote by R the set of all open
intervals in R™ for which the ratios of the side-lengths are all strictly less than 2. We
also denote by R the corresponding £™ Vitali relation [F,2.8.16] consisting of all
pairs (x, R) such that R € @R and x is the centre of R. It is well known [F, 2.9.8] that
for any locally £ summable function f: R” - R

(2) (&) lim £"(R)" /R fde™ = f(x)

for £™ almost all x € R™.

We shall use the following notation. Given 0 <t < oo and an open interval R
with centre x and side-lengths d,...,d,,, tR will stand for the open interval with
centre x and side-lengths ud,,...,td,,. If f: R” - R is £™ locally summable and
1 <t < oo, then it follows readily from (2) that

(&) lim €7 (iR ~ R)"_/RNRde'" = f(x)

for £ almost all x € R™.
2. Some lemmas for Q valued functions.
2.1. DEFINITION. We define S,: Q - R, k = 1,...,n, b»
Qo

Sk( él [[y‘]]) = 2 v

i=1
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2.2. LEMMA. Suppose A C R™ is open, f: A — Q, a € A and § o [ is approximately
differentiable at a.
(1) There is a neighborhood U of a such that £ o ap Af(a)|U = ap A(§° f)a)|U.
2) Fork =1,..., n, S o f=3 &, ho+: ° [+ Sy fis approximately differentia-
ble at a and
ap A(S, © f)(a) = S, ° ap Af(a).
(3) If f € 95(A,Q). then S, o f € 3,(A.R).
PrOOF. From
|€oap Af(a) —apA(§e f)(a)]
<|¢oapAf(a) =& fl+|éo f—apA(&e f)(a)]
<Lip¢s(apAf(a). [) + & f—apA(£° f)(a)]
it follows that £ o ap Af(a) is approximately differentiable at a and
apA(£°ap Af(a))(a) = apA(§° [)(a).
Now £ o ap Af(a) is piecewise affine, as it readily follows from the definition of &,

and so £ o ap Af(a) can be approximately differentiable at a only if it is affine in a
neighborhood U of a. Then
§oapAf(a)|U=apA(§°apAf(a))(a)|U=apA(§e/)(a),
as required in (1).
The first formula of (2) is clear by the definitions of § and S, and it implies that
S, o f is approximately differentiable at a. Since S, o ap Af(a) is affine, the second

formula follows from the first and (1).
(3) is obvious by (2).

2.3. LEMMA. If A C R™ is open and f € (A, Q), then

() lim (diam R)™ [ 6(/.ap 4f(a))*dE" = 0
R

R—u

for " almost all a € A.
PrOOF. By [SE, Chapter VIII, Theorem 1(b)] and Holder’s inequality,
(%) lim (diamR)""_szI£°f~ apA(§o f)(a) P dE™ =0
for £ almost all a € A. The lemma follows from this, Lemma 2.2(1) and the fact
that Lip£~' < .

2.4. LEMMA. Suppose A C R" is bounded and open, f, g € “4,(A,Q), ¢ € Y,(A4,R),
0<e@<I,and
H=H(f.g.9)=&"°opoléof+o(éog—&°f)].
Then H € 4,(A4,Q), H(x) = f(x) for x € ¢"{0}, H(x) = g(x) for x € ¢7'(1},
S(H, g) < Lip(&™" o p)Lip &€5( /., g) and for any 2" measurable set B C A

Dir(H; B) < C|Dir( f; B) + Dir(g: B) +/|D<p|2§(f, g) dem
B



ELLIPTIC VARIATIONAL INTEGRALS 597
where C = 10(Lip p Lip £)>. Furthermore, if Joas 8pa € 0%Y,(34,Q) and Poa = 0
(resp. @y, = 1), then Hpy, :f|aA (resp. Hy, = 8p4)-

Proor. The first four assertions are clear. We estimate Dir(H; B) using the
inequality (¢ + 5)* < 2(#2 + s2) to obtain

Dir( H; B) < Dir(¢ > H; B) < (Lipp)°Dir(¢o f+ (£o g —£° f): B)
<2(Lipp)’[Dir(£ f; B) + Dir(p(¢°g —£° f): B)]

< z(uppy[mr(g o f:B) + 2Dir(¢ o g — £ f: B)
+2f|D<p|2|£°g—£°fI2d€"']
B
< 2(LippLip§)2[Dir(f; B) + 4(Dir( f; B) + Dir(g; B))
+2[|DpPS(f. 8)’ dﬁ’"’]
B

< C[Dir([; B) + Dir(g; B) +/|Dq>|2§3(f, g) dB'"].
B

To prove the last statement we may assume that f, g and ¢ are strictly defined on
an open ball U containing Clos 4, f, g € %U,(U,Q) and ¢ € ¥U,(U,R). Then ¢(x) =0
(resp. ¢(x) = 1) for }(™ " almost all x € 4 and H defined by the same formula
belongs to “4,(U, Q). It is straightforward to verify that every common Lebesgue
point of £ o f, £ o g and ¢ is also a Lebesgue point of H, and thus H agrees ™'
almost everywhere on U with a strictly defined function. Since H(x) = f(x) (resp.
H(x) = g(x)) for 3™~ almost all x € 34, it follows that Hpy 4 = foa (tesp. Hy, =

8pa)-

2.5. LEMMA. Suppose A C R™ is bounded and open, f, g € Y,(A,Q) and
¢(x) = 6(f(x), g(x)) forx € A.
Then @ € ,(A,R) and
| Dp(x)|< Lip ¢' Lip &(|ap Af(x)| +|ap Ag(x) )
for £™ almost all x € A. Furthermore, if f|a 4= 8pa € 9%Y,(94, Q), then P4 = 0.

PROOF. We may assume f and g are strictly defined. For x, y € 4

lo(x) — o(»)I<8(f(x), f(»)) +5(g(x). g(»))
<Lip& (1§ f(x) =& f(y)| +1€°g(x) —&°g(y)]).
Since £ o fand £ o g are ACL, it follows that also ¢ is ACL, and fori = 1,...,m and
£ almost all x € 4,
| D,gp(x)|<Lip&'(ID,(&° f)(x)| +|D,(€° g)(x)]).

Consequently, the partial derivatives of ¢ are square summable, and ¢ € %U,(A4,R).
The estimate for | Dp(x) | follows immediately from the estimates for | D,@(x)| .
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We can prove the last statement in the same way as we proved the last statement
of 2.4 observing that the above estimate for |p(x) — @(y)| implies that ¢ agrees
J™ " almost everywhere with a strictly defined function.

2.6. LEMMA. Suppose f: R = R, i = 1,2,.... are nonnegative ' measurable func-
tions with sup, [f,d®' < co and that A C R with £'(R ~ A) = 0. Then there are a
dense subset D of A and a subsequence ( /",) of (f;) such that sup, f, (1) < oo for all
t € D. o

PROOF. Let I,, I,,... be the dyadic intervals in R. It follows from Fatou’s lemma
that liminf, f,(f) < oo for £' almost all r € A N I,; hence there are t, € A N [, and
a subsequence ( f;') of ( f;) such that sup; f;'(#,) < cc. Similarly, therearer, €4 N I,
and a subsequence ( £,2) of (£') such that sup; f*(t,) < co. Continuing this process
we can take D = (t,, ,,...} and (f;) = (fH.

2.7. LEMMA. Suppose A C R™ is open. f. f, € U,(A,Q), i = 1,2..... are strictly
defined, lim,_ . [,S(f. f)*d:™ =0 and sup,Dir(f;; A) < 0. Then there are a
subsequence ( f; ) of (f;) and for each k = 1,....m a dense subset D, of R such that if
t € D,and V= {x €R": x; = t}, then

im [ 8(f.f)dX"'=0 and supdir(f:ANV)<oo.
j=x Jany j !
PrOOF. We first take k = 1 and denote V(1) = {x € R™: x, =t} for r € R. By

Fubini’s theorem the functions ¢ = [, ,S( f. f)*dX ™" converge to zero in the
mean, and so there is a subsequence ( £°) of ( £;) such that

(1) lim [ S(£0. ) dXm" ' =0
i—ax Y4ANV(1)
for ' almost all 1 € R. We apply Lemma 2.6 to the functions

2 -
te lap A£°| d3C™
ANV(n)

to find a dense subset D, of R and subsequence ( ;') of ( £;°) such that for t € D, (1)
holds and

sup dir( £'s 4 N V(t))ssupf lap Af P dH"! < co.
i i ANV(r)

Next we take k = 2 and apply the above argument to ( f;') to obtain D, and a
subsequence ( f,2) of (f'). Continuing in this manner we get ( f;") for the required
subsequence.

2.8. LEMMA. Suppose R and R’ are open intervals in R™, ClosR C R' and
f € U (R, RY), i = 1,2,..., arestrictly defined functions. If

lim f IfFdX™ '=0 and sup dir(f;dR) < co.
i—ac Y3R i

then there are functions g, € 9,(R',R*) such that g,|R =f|R, gpgp =0 and
lim,_ , Dir(g;; R" ~ R) = 0.



ELLIPTIC VARIATIONAL INTEGRALS 599

PrROOF. Choose an open interval R” with Clos R” C R and a bi-Lipschitzian
homeomorphism F: Clos R” ~ R — Clos R ~ R” such that F(x) = x for x € dR
and F(3R’) = 9R”. The restrictions f;| dR are strongly in H,(dR) in the sense of [M,
Definition 4.4.4] (this follows e.g. from [SE, VI, 4.3]); hence by [M, Lemma 4.4.3]
and its proof there are functions h, € ¥,( R, R¥) such that hir = fors hjpr~ = 0 and
lim; Dir(h;; R) = 0. When we define g,(x) = f(x) for x € R and g,(x) = h; o F(x)
for x € R’ ~ R, then the functions g, have the required properties.

3. The quadratic component of a geometric integrand. Let F: §(m + n, m) — R be
a geometric semielliptic integrand of class 3 on R™*" with ellipticity bound ¢ = 0,
for the definitions see [A1, 1.2; F,5.1.2] ( Fis elliptic, if ¢ > 0). The Taylor expansion
of F in a suitable coordinate system gives a constant C and functions L, G, H:
P(n, m) — R such that L(p*)= 3(i, k)p*, for some constants /(i, k), G is a
constant coefficient quadratic integrand, as defined in 1.4, called the quadratic
component of F (with respect to R” X {0}), lim,_,|p [2H(p) = 0, and that

F[([[1g-]] M f)(E"LU)] = CE™(U) + L(£;U) + G(f; U) + H(f; U)

for any bounded open set U C R™ and any Lipschitzian function f: U — R" (see
[A1,5.1] and, for the notation, [A,1.6]). This formula extends to Lipschitzian
functions f: U — Q by [A, 1.5(10)(iv)] when CE(U ) is replaced by COL™(U ).

Suppose f: R” — Q is a Lipschitzian function with compact support. Then Lemma
2.2(2) implies

L(f:R") = (i, k) [D(S,  ap Af(x)) dL"x
ik

= S1i.k) [D(S, o f)de™ =0,
ik

because S, o f has compact support. The argument of [Al,5.4(2)] now applies to
prove

3.1. LEMMA. The quadratic component of a geometric (semi) elliptic integrand, is Q
(semi) elliptic.

4. Lower semicontinuity of a Q semielliptic integral.
Throughout this section we assume that G is Q semielliptic and that R C R™ is an
open interval.

4.1. LEMMA. If f € B,(R,Q), h € A(n, m) and fy, = Q[[h]]|9R, then G(f, R) =
QG(h, R).

PrROOF. We assume, as we may, that f is strictly defined. We set according to
[A,2.3(2)] g = f © (-h), that is,

Q

0
g(x) = §][[y”—h(x)]] when f(x) = X [[y"]].

v=1
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Then g € U,(R, Q) and 8or = 0. Suppose x € A4, § o fis approximately differentia-
ble at x and ap Af(x) = Z2_,[[#"]]. Then one easily checks that ap Ag(x) =
=2_,[[#* — h]). Consequently, since q(i, j, k., 1) = q(j. i, 1, k),

Gg(x)= X q(i, j k1) Dk} — D;hy)(D;h; — Dihy)

icjok.lv

=Gf(x) + QGh(x) =2 X q(i, j. k. 1)D;h; D;h,

icj kv

Q
=Gf(x) + QGh(x) =2 ¥ q(i. j. k. 1)D;h, 3 Dk}

i k! v=1

=Gf(x) + QGh(x) =2 X q(i. j. k. 1)D;h,D(S ° ap Af(x))

NN
=Gf(x) + QGh(x) =2 X q(i. j. k. 1)D;h,D(S; © f)(x)
NN
according to 2.2(2). Since S; ¢ fis ACL, as £ o fis ACL, and S; ° for = Qh,|0R,
we have by Fubini’s theorem

LD,(S,\ o f)dE™ = QfRD,.hkdf"'.

Therefore by the Q semiellipticity of G
0<G(g: R) =G(f; R) + QG(h; R)

=2 3 q(i.j k. D)Dh, [ DS, o f)dE™
i k.l R

= G(f; R) — QG(h; R),

which proves the lemma.

4.2. LEMMA. Suppose f € U,(R,Q), h = 22 h": R" = Q is affine and
0 <A <inf{|h*(x) — h*(x)|: x ER, h* #h"}

(with the agreement inf ¢ = o). If for = hyg and S( f(x), h(x)) <A/4 for =™ almost
all x € R, then G( f, R) = G(h; R).

PROOF. We may assume f is strictly defined. There are J C {1,...,Q} and positive
integers Q,, i €J, such that 2,.,Q,=Q, h'#h’/ for i#j, i, jE€J, and h =
Z.e,Qi[A']]l. We can write f as f=2,.,f by requiring that f: R - Q, and
G(f(x), Q,[[A' (X)) < A/4 whenever 5( f(x), h(x)) < A/4. It follows from the defi-
nition of ¢ and the assumptions on f and 4 that if x, y € R, §( f(x), h(x)) <A/4,
S(f(»), h(y)) <A/4 and x and y are sufficiently close to each other, then

S(£(x). £(»)) <8(f(x). f(y)) forielJ.
From this and the ACL characterization of the U, spaces, it follows that f, €
,(R,Q,) for i € J. Obviously fr = Q,[[4']]|dR and ap Af(x) = Z,,ap Af,(x) for
£™ almost all x € R. Hence Lemma 4.1 gives

G(h; R) = ¥ 0,G(h;; R) < T G(f; R) = G(f: R).

ieJ ieJ
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4.3. LEMMA. For any g € 3%,(dR, Q),
inf {G(f; R): f € ¥,(R,Q), for = g} > -00.

PROOF. There is & € Y,(2R, Q) such that hy, = g and hy,, = 0. If f € Y(R, Q)
and f,z = g, we can extend f to 2R as f|[2R ~ R = h|2R ~ R. By the semiellipti-
city of G, G( f; 2R) = 0, whence

G(f; R) =G(f;2R) — G(h;2R~R) = -G(h;2R ~ R),
which proves the lemma.
4.4. LeMMA If f € Yy(R,Q), ¢ € Q and fyz = ¢, then G(f; R) = 0.

PROOF. Suppose G( f, R) = a < 0. We may assume that R is a cube centered at
the origin, since we can always extend f outside R as the constant ¢. Let d be the
side-length of R. For each positive integer kK we divide R into k™ cubes R|,...,R;m
with the side-length d/k and centres x,...,x,~. We define

g(x)=f(k(x—x;)) forxeR,i=1,... k™
Since g,z = ¢ for each i, g, € Y)(R, Q) and gy = c. As
Gg(x) = k*Gf(k(x — x;)) for 2" almost all x € R,,

we have

G(gi; R,) = k[ Gf(k(x ~ x,)) dE"x
R,

= kz_"’f Gf(x)de™x = k*> ™a,
R

and G(g,; R) = 2¥",G(g,; R,) = k*a > —o0 as k — oo. This contradicts Lemma
4.3.
A more precise form of the above lemma will be given in 6.2.

4.5. LEMMA. There is a constant C depending only on m, n, Q and G such that if
RER,f, g € Yy(R,Q)andfyr = gar € 0%,(dR, Q) then G(g; R) = -CDir( f; R).

ProOF. We may use a linear transformation of R™ to reduce the proof to the case
where R is a unit cube in R™. We denote by || ||, the usual L?>-norm and we use the
norm || ||, = || |l + Dir'/2 on %U,(R,Q). Below C,,C, and C; will be positive
constants depending only on m, n, Q and G.

By Poincaré inequality [GT, p. 157, (7.45)] there is a constant A € R? such that

I€ > £ = N, < C,(Dir(£ f; R))"”.
Using [M, 3.4.3] we find ¢ € %,(2R,R??) such that @, =0, p|R=§0 f— A,
Ppr =& f = Agrand|loll,, < Gll§ e f— All,,. Weseth = £'opo(@+A). Then
h € Y,(2R,Q), h|8R ‘_‘f|aR = 8pro h|82R =¢"'op(A), and

Dir(h;2R)"* < Dir(¢ o h; 2R)"?
< Lipp Dir(p; 2R)"* < G, Lippllé  f — All,
< G, Lipp(C, + 1) Dir(¢ e f, R)'"* < ¢, Dir( f; R)'*.
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We define § € U,(2R,Q) by g|R = g|Rand g|2R ~ R = h|2R ~ R. Then g,z =
hyy g is constant. Therefore Lemma 4.4 implies G(&; 2R) = 0, and thus

G(g; R) =G(g:2R) — G(h;2R ~ R) = -C,Dir(h;2R ~ R) = -C,Ci Dir (f; R),
and we may take C = C,C3.

4.6. LEMMA. There is a constant C depending only on m, n, Q and G, and, given
positive numbers M, € and X, there are positive numbers m and 8 with the following

property:
If R is any open interval in R™, d = diam R, h = Z%_|[[A"]]: R" = Q is affine,

inf {|h*(x) — A" (x)|:x ER.I*#h"} =X =d/q
and Lip h < M, then
G(f; R) = G(h; R) — C(eDir( f; R) + eM*"(R)
+M?*2"{(x € R: 6(f(x), h(x)) > 8})
whenever [ € U,(R, Q) with far = h|3R.

PrROOF. We set

2

C = 10(Lip p Lip £)’, G = C,(l + 18(Lip¢~'Lip ¢) )
C=C2C, +1). n=(32MLip(¢"' o p)Lipg) 272",
choose integers k, and k, such that
2%t < (16 Lip(£7' o p) Lip£) A< 2%, k, — 1 <k, +2/e <k,.

and take § = 2741,
Let A, R and d be as above, and let f € 4,(R, Q) with f;, = h|dR. We note that
dLiph <nAM < §. The sets

A= {x ER:27F<G(f(x). h(x)) <27%*N . k=ko ko + ... k.

are disjoint and £ measurable and, since k, — k, > 2/, there is k such that setting
A = A,, we have

Dir( f; A) <eDir( f; R), Dir(h; A) <eDir(h; R).
We also denote { = 2% and
B={x€R:5(f(x). h(x)) <}, D= {x€R:5(f(x),h(x))=2¢}.
We define §: R — R setting Y(1) =0 for r < {, (1) = (1 — &) /¢ for { <t < 28,
and Y(r) = 1 for 1 = 2{, and ¢: R - Q by
o(x) = ¥(S(f(x). h(x))) forx € R.

Then by Lemma 2.5, ¢ € U,(R,R), 95 = 0 and

| De(x)|<§~'Lip&~' Lip £(|ap Af(x)| +|A])
for L™ almost all x € R. Fixa € R. Then

G(h(x),h(a)) <dLiph<8<¢{ forx ER.
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Recalling Lemma 2.4 we define g = H(h(a), f, ) € Y,(R, Q) and have g| B = h(a),
gD = f|D, gyr = h(a), and, since 5( f(x), h(a)) < 3¢ for x € 4,

Dir(g: A) < cl(Diru; A)+ [ 1D9PS(/. h(a)) de"')

< C.(Dir( f:4) + 9(Lip &' Lip€)’ [ (1ap Af(x)| +1h|)* dE"x
A

< G,(Dir( f; A) + Dir(h; A))
< G,e(Dir( f; R) + Dir (h; R)).

Since g is constant, Lemma 4.4 implies G(g, R) = 0. Therefore, as g is constant on
Bandg= fon D,

0<G(g; R)=G(g; 4) + G(f; D)
< C,Dir(g; A) + G(f; D)
< C,G,&(Dir( f; R) + Dir(h; R)) + G( f; D),
and
G(f; D) = -C,G,&(Dir( f; R) + Dir(h; R)).

Next we define, according to Lemma 2.4, § = H( f, h, ¢) € Y,(R, Q), where g is as
above. Then g|B = f|B, g|D = h|D, g |, = for = h|OR,

9(g(x), h(x)) <Lip(¢' o p)Lipé-2{ <A/4 forx € R,
and, as before,
Dir(g; 4) < C,| Dir(f; 4) + Dir(h; A) +L|D<p|29(f, h)> de”
< G,¢(Dir( f; R) + Dir(h; R)).

Lemma 4.2 yields G(g; R) = G(h; R); consequently
G(f; R) = G(%; B) + G(f; 4) + G(f; D)

=G(& R) = G(%; 4) — G(h; D) + G(f; A) + G(f; D)

= G(h; R) — C(Dir(g; A) + Dir(h; D) + Dir( f; 4)

+ C,¢(Dir( f; R) + Dir(h; R)))
= G(h; R) — Gy((2C, + 1)eDir ( f; R) +2C,eM*E™(R) + M*£™(D))
= G(h; R) — C(eDir(f, R) + eM*C™(R)

+M?2"(x € R: 8(f(x), h(x)) > 8}).
4.7. THEOREM. Suppose R C R™ is an open interval f, f, € Y,(R,Q), g, g, €
0%U)(3R,Q), fior = & fpr = & for i =1,2,...,
fm [6(1, /) de" = lim [ 8(g.g)'d%"" =0,
sup Dir(f; R) <o and sup dir(g,; dR) < oo.

Then G( f; R) < liminf,_ . G(f; R).
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PROOF. We may assume that the functions f and f; are strictly defined, that the
numbers Dir( f; R), Dir( f; R) and £”(R) are all at most one and that the limit
lim,G( f;, R) exists. We extend f and f; to clos R letting f|0R = g and f;|0R = g,.

Let 0 <{ <1/3. There is 0, 0 <o <¢, such that for any £” measurable set
ACR

(1) £™(A) < o implies Dir( f; A) <¢ and |G(f; A)|<¢.
If h = 3¢ \[[A*]): R” — Q is affine we set for x € R”
A, (x) = inf{|h*(x) — h*(x)|: h* # h"}.

Since f is strongly approximately affinely approximable at £ almost all points of R,
Aup s (X) >0 for £7 almost all x € R. Hence there are positive numbers A and
M, M > 1, and a Borel set 4 C R such that £"(R ~ 4) < o,

Appaso(x¥)>A and Lipap Af(x) <|apAf(x)|<M forx € A.

Set r = (1 + a/(2M?))'/*" — 1. We have by 1.5 and Lemma 2.3 for ££” almost all
x €A

() lim £7(S)"G( £ §) = Gf(x) = £7(S)"'G(ap 4f(x): )
forany S € R, as Gap Af(x)(y) = Gf(x) for all y € R,
(A );ipr"'((l +1)28 ~8) ' Dir(f; (1 + 7)’S ~ S) =|ap Af(x) !
and
(%) lim (diam s)"’"zfss-:(/. ap Af(x))>dc™ = 0.

Let ¢ = 72{/M? and let 7 and & be the positive numbers given by Lemma 4.6
corresponding to M, e and A. By Vitali’s covering theorem we can find disjoint
intervals R, € R, k = 1,...,p, with centres x, € A and diameters d, such that
(1+7))R, CRand

(2) d, <mA,

3) A, (x)>A forx € R, where h; = ap Af(x,).
P

(4) E"’(R~URA_)<0,
k=1

(5) G(f: R,) <G(hy; Ry) + §E™(R,),

(6) Dir(f; (1 + 1) 'R, ~R,) <2M¥E"((1 + 1)’ R ~ R,) <{E™(Ry),

(7) [ 8(f h ) dem <edpr?,

Ry
(8) E™{x € R 8(f(x), hi(x)) >8/2} <eL™(Ry).

Here (8) follows from the definition of ap Af(x,). Moreover, passing to a subse-
quence without changing the notation, we may select R,’s so that the faces of dR,
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are contained in hyperplanes V given by Lemma 2.7. Hence for k = 1,.. ., p
(9) lim [ 8(f.f) dX" '=0

i—oc YAR,
and

(10) sup dir( f;; 0R, ) < oo0.

From (1), (4) and (5) we get
P
(11) G(f;R)< ¥ G(h;;R,) + 28
k=1

By partitioning R ~ U7_ R, into suitable intervals, we find intervals
R, \...,R,E®R such that Clos R = Uj_, Clos R, all the intervals R, k =
1,..., g, are pairwise disjoint and that (9) and (10) hold for all k = 1,...,9. We
denote R, = (1 + 7)’R, and choose intervals R} € R such that Clos R, C R} C
(1 + 7)R, and
(12) Dir( f; Ry ~ Ry) < {E™(R,).

In the following C,, C,,... will denote positive constants depending only on
m,n,Q and G. Let k =1,...,q. By (9), (10) and Lemma 2.8 there are functions
@i € H(RY,RP?) such that ¢, |R, =&c fi —&° fIR,, @4 ;=0 and
lim,_ . Dir(g, ;; Ry ~ R,) = 0. In the following we take i so large that

Dir(¢, ;. R{ ~ R,) <{E™(R,).
Set
gii=E& " opo (£ fIRL + 9,,;) € YR Q).
Then g, ;| R, = fi|R,, 8k. 1R :f|ak'; and
(13)
Dir(g, ;; R} ~ R;) < (Lipp)’ Dir(§ / + ¢, ;i R{ ~ R,)
< 2(Lipp)’[(Lip §)* Dir( f; R} ~ R,) + Dir(g, ;; R{ ~ R,)]
< CYE™(R,)
by (12). Therefore
(14) G(f; Ry) = G(g, ;s RY) — G(gi;s R ~ Ry)
> G(g;; RY) — G Dir(g, ;; Ry ~ Ry)
= G(g5 RY) — GIE™(R,).
Since g jar; = fary» Lemma 4.5 yields a constant C; such that, by (14) and (12),
(15)
G(f; Ry) = G(gi ;3 RY) — GSE™(R,)
= -G, Dir( f; RY) — GIE™(R,) = -G, Dir( f; R,) — CIE™(R,).
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Letk=1,..., p- We choose a function ¢,: R” — R of class 1 such that 0 < ¢, < 1,
@, (x)=0 for x € R}, ¢,(x) =1 for x € R" ~ R} and |Do,(x)|< C,/(7d,) for
x € R™. This is possible because (1 + 7)R} C R,. We use Lemma 2.4 to define
g = H(f, hy 9;) € 95(R}, Q) for which Supry = forys Supr, = hyr, and, re-
calling (6) and (7),

Dir(g;: Ry ~ RY})
< C,|Dir( f; R} ~ RY) + Dir(h,: R\ ~ R}) +/R, R”|Dq>k|9?(f. hy) dem
LRy

< Gee(Ry) + M2C"(R, ~ RY) + Cir7%d]!]
S C7§‘SI,I(RA),
because £"(R, ~ R}) <{/M? and e < 7?{. We extend g, , to R} letting g, ,(x) =
gu(x) for x € R} ~ R{. Then g, € I,(R}. Q). & .jpr, = h,|0R} and by (13)
Dir(g, ;: Ry ~ R;) < GS"(R,),
whence
(16)
G(f: Ry) = G(g ;s Ry) — G Dir(g, ;s Ry ~ Ry) = G(g, ;s RY) — CEL™(Ry).

Due to (2) and (3) we obtain from Lemma 4.6

(17)
G(gc.; Ry) = G(h,: R,) = Cyo[eDir(g, ;: Ry) + eM?E"(Ry)
+M2E"{(x € R,: (g, . (x). hy(x)) >8}].
Here
G(hy: R,) = G(hy; Ry) — MPE™(R) ~ Ry) = G(hy. Ry) = §E7(Ry ).
eDir(g, ;s R}) <{Dir(fii Ry) + GSE"(R,),
eM2E™(R)) <282"(Ry)
and
Mz‘sm{x € R} 8(8.i(x), hi(x)) > 8}
< M[£"(R}, ~ R,) + £"{x € R §(f(x). hy(x)) > 8}]
<(E™(R,) + M2e2™(R,) + M*E™{x € R, 5(fi(x). f(x)) >8/2)
< 3{"(R,)

for large i by (8) and the fact that £™{x € R,: §( fi(x), f(x))>8/2} - 0asi — oo.
Substituting these estimates in (17) we get

G(g.: Ry) = G(h; Ry) — Cll[gDir(fﬁ R,) + K‘S”'(Rk)]~
which combined with (16) gives for large i
G(f;: Ry) = G(hy; Ry) = Co[EDir( £ Ry) + §E"(Ry)].
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Summing over k and recalling (15), (11) and (1) we get

p q
G(f:R) = EG(fi§Rk)+ 2 G(f: Ry)

k=1 k=p+1

P
> 3 G(h; R,) — Cp[¢Dir(f; R) + (R™(R)]

k=1
q

—C3Dir(f; U Rk)—C4§B"'(R)

k=p+1

> G(f; R) — C)t.

Letting i — oo and { — 0, we complete the proof.

4.8. COROLLARY. Suppose A C R™ is bounded and open with }." '(34) < o0,

[ [, € 9(A,Q) and fo, = froq € 99,(94,Q). If lim,_ . [,S(f, f)*dE™ =0 and
sup, Dir( f;; A) < oo, then G(f; A) < liminf,_  G( f; A).

PrOOF. By 1.3(5) we can extend f and f; to an open interval R containing 4 so that
f(x)=f(x) for x ER~A and f, f € VY(R,Q). Then the result follows from
Theorem 4.7.

5. Existence of G minimizing Q valued functions. We call a function f € %,(4, Q)
G minimizing if G(f; A) < G(g; A) for all g € U,(4,Q) with gy, = fy,.

5.1. THEOREM. Suppose A C R™ is bounded and open, dA is (}™" ', m— 1)
rectifiable, G is a Q elliptic integrand and g € 3%,(3A4,Q). Then there is a G
minimizing function f € V,(A,Q) with f, = g.

PROOF. There are an open interval R, A CR CR", and g € %Y,(R,Q) with
8p4 = g and gyp = 0. If £ € U, (4, Q) with f, = g, then we can extend f to R so
that f(x) = g(x) for x ER~A and f € Gyz(R Q). Let ¢ >0 be a Q ellipticity
bound for G. Then, since fjz = 0,

eDir(f; A) <cDir(f; R) < G(f; R) = G(f; A) + G(§; R~ A).
Consequently, if f, € ¥,(4, Q) with f;;, = g and

‘lim G(f; A) =X =inf{G(h; A): h € Vy(4,Q), hy, = g},

then sup; Dir( f;; 4) < oo, and thus by [A, A.1.2(10)] there are a subsequence ( f ) of
(f)and f € ¥)(4, Q) such that lim_ . [,S(, , f)?dR™ =0, and, by 1.3(8), f,, = g.
From Corollary 4.8 we obtain
A< G(f; A) <liminf G(f; 4) = A,
jooe !

which proves the theorem.

6. Regularity of G minimizing functions on 2-dimensional domains. In this section
we assume that G is a Q elliptic integrand with Q ellipticity bound ¢ > 0. We shall
prove that in the case m = 2 the G minimizing functions are Holder continuous and
regular on an open dense set.
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6.1. Elementary facts about Q elliptic integrands. Let J be the set of those
quadruples of integers (i, j, k. /) for which i, j € {I,..., m}, k.l € {1,...,n} and
either i # j or k # . We associate with G the quadratic integrands G, and G, ; , , for
(i. j. k, 1) € J such that for p = ( pf)

Gyl p) = Zqlivick.k)pt. G, . ,(p)=qli.j. k.[)ptp].
ik

Then for any f € 9,(4,Q)
G(f: A) =Gy f, A) + EGi./.k./(fl A).
J

Since G satisfies the strong ellipticity condition (cf. Introduction), it follows that
q(i. i, k, k) >0 for all i, k. Hence there is a positive number a such that

(1) alpP < Go(p).
The set of Q elliptic integrands is open:

(2) LEMMA. Suppose 0 <8 < c/(mn) and G’ is a quadratic integrand, G'(p) =
2q'(i, j, k, I)p,-"'p_f, such that |q'(i, j, k. 1) — q(i, j.k, 1)|< b foralli, j, k,I. Then G’
is Q elliptic with Q ellipticity bound ¢ — mné.

PROOF. Schwarz’s inequality gives |G'(p) — G(p)|< mn8|p[, which implies
G'(p) = G(p) — mn8|p . and the lemma follows from the definition of Q elliptic-
ity.

Next we give a generalization of Lemma 4.4.

6.2. LEMMA. There is a positive number b depending only on m, n, Q and G such that
whenever U is an open ball in R™, f € 3,(U,Q),n € Q and f, = m. then b Dir( f; U)
< G(f;U).

PrOOF. By homogeneity we may assume U is the unit ball. If the lemma is false
there are sequences 7, € Q and f, € U,(U, Q) with fov=m,v=12...., such that
Dir(f;U)=1 and G(f;U)<1/v. Let a be as in 6.1(1) and § as in 6.1(2),
e = 8/max{q(i, j, k. [)}, and let v > max{2m?n?/(ae),2/a}. Then

2G, /(L U)=G(f:U) = Go(f,:U)<1/v —aDir(f,;U) < -a/2.
J

As card J < m*n?, there is (i, j. k, [) € J for which
G /(£ U)<-a/ (2m*n?).

Define the integrand G’ by replacing q(i, j, k, ) by (1 + €)q(i, j, k., [) and keeping
the other coefficients of G unchanged. Then 6.1(2) implies G’ is Q elliptic. But on the
other hand

G(£iU)=G(:U) + G, (£:U) <1/v —ea/ (2m’n®) <0,

which contradicts Lemma 4.4.
We denote by U™(z, r) and B™(z, r) the open and closed balls in R™ with centre
z and radius r.
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6.3. LEMMA. There are positive numbers C and w depending only on m, n, Q and G
with the following property:

If f € 9(U™(0,1),Q) is strictly defined and G minimizing and z € U™ (0, 1), then
forall 0 <r<1-—|z|],0<s=<],

(1) Dir( f; B™(z, r)) < Crdir( f; dB™(z, r)),

(2) Dir( f; B™(z, sr)) < Cs* Dir( f; B"(z, r)).

PROOF. Let g € U,(U™(z, r), Q) be Dirichlet minimizing with gy g . ., = fypn(- -
It follows from [A, 2.7(2)(1), (ii) and 2.12] that
Dir(g; B™(z,r)) < C,rdir( f;9B™(z, r)),

where C, depends only on m, n, and Q. As in the proof of Lemma 4.5 we can
employ the Poincaré inequality to find A € U,(U™(0, 1), Q) such that h|B"(z, r) =
g1 B™(z,r), hygn.,, = n for somen € Q and

Dir(h; B"(z,2r) ~ B™(z,r)) < G, Dir(g; B™(z,r)) < C,Cyrdir( f; 3B™(z, r)).
Defining /& € U,(U™(0,1),Q) by h(x) = f(x) for x € B"™(z,r) and h(x) = h(x)
otherwise, we have by Lemma 6.2
bDir( f; B™(z,r)) <bDir(h; B™(z,2r))
< G(h; B"(z,2r))
=G(f, B™z,r)) + G(h; B™(z,2r) ~B™(z,r))
<G(g; B™(z,r)) + G(h; B™(z,2r) ~B™(z,r))
< C,Dir(g; B™(z,r)) + C,Dir(h; B™(z,2r) ~ B™(z,r))
< C,C,(1 + Gy)rdir( f;0B™(z, r)).
This proves (1). Using the fact that the function ¢, ¢(r) = Dir( f; B™(z, r)), is

absolutely continuous with ¢'(r) = dir( f; 0B™(z, r)) for £' almost all 0 < r <1 —
|z|, one derives (2) from (1) by integration (cf. [A, 2.13(2)]).

6.4. THEOREM. There are positive numbers C and w depending only on m, n, Q and
G with the following property:

If f € 9,(UX0,1),Q) is strictly defined and G minimizing, 0 < 8 < 1 and x, yE
B?(0,1 — §8), then

5 . 1/2 "
S(/(x). /(y)) < €87 Dir( 1 BX(0.1))" " |x = yp.
In particular, f| B*(0,1 — &) is Hélder continuous with exponent w.
This follows from 6.3(2) as [A, 2.13(3)], see also [M, Theorem 3.5.2].

6.5. THEOREM. Suppose f € S,(U™(0, 1), Q) is continuous and G minimizing. Define
o: U™0,1) - {1,2,...,0},

a(x) = cardspt f(x) for x € U"(0, 1) (recall f(x) is a measure),

V= {x € U™Q0,1): o is continuous at x}.
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Then V is open and dense in U™(0,1). Furthermore, for every x € V there are a
neighborhood W of x and real analytic functions f,.....fo: W — R" such that

Q
f(y)=2 [[f,(v)]] fory € W.
[

PrOOF. Using the continuity of f one easily verifies that ¥ is open and dense, and
that for every x € V there are a neighborhood W of x and continuous functions
fiee Sy € (W, R") such that f(y) = 22 [ £(»)]] for y € W. Then each f is G
minimizing (cf. [A, 2.14.10(3)]), and hence real analytic by [M, §6.6].
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